We provide a new derivation of a formula for the Fukui function of density-functional chemical reactivity theory which incorporates the discontinuities in the Kohn-Sham reference system. Orbital relaxations are described in terms of the exchange-correlation (XC) kernel, i.e., the derivative of the XC potential with respect to the density and it is shown that in order to correctly measure the reactivity toward a nucleophilic reagent a discontinuity of the XC kernel has to be taken into account. The importance of this finding is illustrated in model molecular systems.
I. INTRODUCTION
Predicting how molecules respond to external perturbations is an important subject in theoretical chemistry. On a fundamental level this entails a very difficult problem as molecules are composed of interacting electrons and nuclei which require a solution to the many-body Schrödinger equation. In an attempt to simplify the description a set of reactivity descriptors and associate empirical equalization principles have been formulated, constituting what is known as chemical reactivity theory (CRT). [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] An approach which naturally combines with CRT is density functional theory (DFT), 14, 15 which is an exact framework for treating the electron-electron interaction in terms of only the electronic density. Normally, the Kohn-Sham (KS) formulation 16 is used in which the density is calculated from a fictitious system of non-interacting electrons moving in an effective local multiplicative potential -the KS potential. It is well known that an independent-particle description using a local potential sometimes introduces singularities in the KS quantities and that many physical properties are crucially dependent on this singular behavior. A classic example is the dissociation of closed-shell molecules composed of open-shell atoms. 17, 18 In order to dissociate with a correct integer number of electrons on each atom a discontinuous positive step in the exchange-correlation (XC) part of the KS potential has to develop over the atom with the larger ionization potential. Important progress was made when it was understood that this feature can be related to a derivative discontinuity of the total energy as a function of particle number. 19 In order to make this identification DFT was generalized to ensembles allowing for fractional charges.
In CRT the use of non-integer number of particles is at the basis of all definitions of reactivity indices since the reaction probability is mostly measured in terms of a sensitivity to a global or local change of particle number. In KS-based CRT one therefore expects singularities as those discussed above to become important. The aim of this paper is to show an example which points out this fact, namely in the determination of the Fukui function, a local reactivity index. In this case, the quantity having the crucial discontinuity is the XC kernel defined as the functional derivative of the XC potential with respect to the density. The XC kernel is the quantity that accounts for the effects of orbital relaxation, which may produce a large difference when predicting the reactivity of certain molecules. 20 In this paper, we will show how a discontinuity of the XC kernel enters when determining the Fukui function and that this quantity is in fact what gives the largest contribution in describing the reaction toward a nucleophilic reagent.
The paper is organized as follows. In Sec. II we start by deriving an expression for the Fukui function in terms of the XC kernel. In Sec. III we discuss discontinuities in DFT with a particular emphasis on the discontinuities of the XC kernel and show their importance for the formula derived in Sec. II. A numerical investigation in terms of two-electron model molecular systems in the exact-exchange (EXX) approximation is given in Sec. VI. Finally, we give our conclusions in Sec. V.
II. FUKUI FUNCTION
In order to define quantities such as the chemical potential or Fukui functions which involve derivatives with respect to the number of particles the theory must be generalized to systems which involve fractional charges. This implies an ensemble description in terms of states with different electron numbers. For an average number of electrons N = N 0 + ω, where N 0 is an integer and 0 < ω < 1 Perdew et al. 19 proposed an ensemble of the form
where Ψ k is the ground state wave function of k particles. Similarly, for N = N 0 − 1 + ω we can definê
Using these ensembles any derivative with respect to N is equal to the derivative with respect to ω. The ensemble ground-state energy E(N ) will consist of straight line segments between the values at the integers. Hence, the chemical potential µ = ∂E/∂N , i.e., the slope, on the −/+ side of E(N 0 ) is equal to the negative of the ionization energy and affinity (I/A), respectively. The Fukui function is defined as
where n(r) is the electron density and w(r) the external potential. These two definitions are equal which is easily seen from the identity δE/δw(r) = n(r). Using the first definition we immediately see that the Fukui function is constant (independent of N ) between integers. The limits N → N ± 0 is, however, usually what is of interest and we therefore write
where here and in the following the +/− sign refers to these different limits. These results are a direct consequence of using the above defined ensembles, where the species is assumed to be completely independent of its environment. To address this aspect, the concept of chemical-context dependent reactivity descriptors has been proposed.
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So far we have not used DFT but it appears to be a natural framework for calculating reactivity indices like the Fukui function which is defined in terms of the density only. The extension of DFT to fractional charges 19 allows us to formally take derivatives with respect to N . The density is usually calculated within the KS framework which assumes the ensemble density to be noninteracting ensemble v-representable. The ensemble KS potential, V s , has been the subject of several investigations all showing that the XC part v xc (r) must have a discontinuous behavior as a function of N , 22,23 a topic we will elaborate further on in the next section.
In order to derive expressions for the Fukui function in terms of KS quantities we start by writing the density corresponding to Eqs. (1-2) in terms of KS orbitals
We notice that the orbitals depend on ω (or N ) since the ensemble KS potential will be different for every value of ω. Keeping this in mind we can take the derivative with respect to N and determine the Fukui functions
The superscript ω on the orbitals is now dropped since the limit N → N ± 0 has been taken. The orbitals are continuous with respect to N and are therefore unambiguously determined by the N 0 -system. The frontier molecular orbital (FMO) approximation corresponds to ignoring orbital relaxations, i.e., f
In the formulation by Parr et al. 13 orbital relaxations due to Coulomb interactions can be taken into account via the second terms on the right hand side of Eqs. (8) (9) . The differentiation of the orbitals can easily be performed using the chain rule
A variation in the number of particles will induce a variation in the KS potential via the density (11) where
is the Hartree potential, v is the bare Coulomb interaction, or the Hartree kernel, and f xc is the XC kernel. It is then easy to see
where χ s = δn/δV s is the KS density response function, f Hxc = v + f xc and f ± 0 is the Fukui function in the FMO approximation defined above. Here we have been careful in taking the limit N → N ± 0 of the XC kernel since it has been recently shown that f xc has discontinuities.
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Defining the matrix
we can recast Eq. (12) into
This formula was obtained by Cohen et al. 26, 27 apart from the fact that we here allow the kernel to have discontinuities. That these play a dominant role when calculating the Fukui function f + will be shown in Sec. IV. We will now show an alternative derivation of Eq. (14) based on the equivalent definition of the Fukui function as the functional derivative of the chemical potential with respect to the external potential. [28] [29] [30] We begin by evaluating the chemical potential and show its equivalence with the highest occupied eigenvalue of the KS system. The ground-state energy is a functional of the density and can be written as
where T s is the non-interacting kinetic energy functional and E xc is the XC energy. Taking the derivative with respect to the number of particles we write
where we have identified the Fukui function. The derivative of the kinetic energy can easily be evaluated once written in terms of occupied KS eigenvalues ε k . Let us first focus on an ensemble of the form of Eq. (1), i.e., with N = N 0 + ω. We can then write
The eigenvalues are functions of N via the KS potential and we find after a few manipulations
where we have used the identity (19) and the definition of the XC potential v xc = δE xc /δn. The same steps can be performed for the ensemble in Eq. (2) and we find similarly
Eqs. (18) and (20) thus prove that the highest occupied eigenvalue must be equal to the chemical potential 31 and should therefore not change with N . Many problems with existing functionals are related to a lack of this straightline behavior when extended to fractional charges. 32, 33 In the limit N → N ± 0 we have
In this limit ε to the true affinity A = ε + LUMO in order to obey the relation in Eq. (18) . Before continuing the discussion on discontinuities (Sec. III) we will determine the Fukui function from
The variation of an KS eigenvalue with respect to the external potential can straightforwardly be obtained from first order perturbation theory. Taking into account that varying w will induce a variation of v H and v xc via the density we find
. (23) Using the relation
it is easy to see that Eqs. (23) and (14) are equivalent. In the following we will prefer the use of Eq. (23) since any discontinuity of f xc enters linearly.
III. DISCONTINUITIES IN DFT
It has been shown that the ground-state energy exhibits derivative discontinuities at integer particle number.
19 For non-interacting electrons in a system with discrete energy levels this happens only when N crosses an integer for which a new orbital with a different eigenvalue starts to be occupied. In this case, the effect is mainly due to the kinetic energy. In an interacting system with discrete energy levels a large part of the derivative discontinuity will be contained in E xc and the discontinuity will even show up when N crosses an integer lying within a shell with the same eigenvalue.
A derivative discontinuity in E xc gives rise to a discontinuity in v xc in the form of a constant shift ∆ xc . The same discontinuity also leads to discontinuities in the XC kernel f xc which are of more complex nature than those of v xc . In this section we briefly review the discontinuities of v xc and f xc .
A. XC potential
Any discontinuity of v xc is related to a derivative discontinuity in E xc [n[w, N ]]. Using the chain rule we can write
This identity has to hold true for any value of N and we can use it to formally write down the value of the discontinuous shift ∆ xc at N 0 . For N > N 0 we write v > xc (r) = v − xc (r) + ∆ xc (r) and insert this expression in Eq. (25)
Now we take the limit N → N + 0 and after a rearrangement we find
where we have used the fact that the Fukui function integrates to unity. If ∂E xc /∂N is discontinuous at N 0 , ∆ xc will be finite. 34 As an example we can use the case where E xc is a functional of the KS Green function G s and δE xc /δG s = −iΣ xc , where Σ xc is called the self-energy. Using Eq. (27) we find the celebrated MBPT formula for the discontinuity
where ϕ L is the LUMO orbital. In the next section we will use this formula in the EXX approximation for which the self-energy corresponds to the Hartree-Fock (HF) self-energy but evaluated with KS orbitals. A discontinuous shift in the XC potential implies also a shift in the eigenvalues with the same magnitude. We can thus write Eq. (21) in the previous section as
that is, the affinity is equal to the KS affinity plus the discontinuity, a well-known result.
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B. XC kernel
In order to determine the discontinuities of the XC kernel we start by noting that for particle number conserving variations of the density f xc is only defined up to the sum of two arbitrary functions g xc (r) + g xc (r ′ ). This observation follows immediately after inspecting the definition of f xc
When we allow for non particle conserving density variations the arbitrariness disappears but leaves the functional discontinuous. In the case of the XC kernel these discontinuities will have to take the form
(31) In order to determine g xc with the same procedure used for the XC potential we study the quantity
Varying Eq. (25) with respect to the external potential allows us to write this quantity in terms of the XC kernel. The kernel can then be written as f
and we arrive at dr χ(r 1 , r)g xc (r) = δ δw(r)
From this equation g xc is only determined up to constant. This constant is, however, easily fixed by considering the the second derivative of E xc with respect to N
yielding a condition to be imposed on Eq. (33) . The function g xc obtained via Eqs. (33) (34) was recently analyzed in Ref. 25 showing a diverging behavior of the form
as r → ∞. The diverging behavior can be deduced by performing a common denominator approximation to Eq. (33) . 35 That this is indeed a reliable approximation to Eq. (33) was shown in Ref. 25 . We can now go back to Eq. (23) and add the appropriate term to f + (r) arising from the discontinuity of f xc . We find
or
which defines f + s (r) as the Fukui function when the discontinuity is not taken into account.
IV. EXX APPROXIMATION
In order to quantify the relative importance of the two different contributions to f + (r) (f − xc and g xc ) we have performed a numerical study on model 1D molecular systems in the EXX approximation. The EXX functional is known to contain the derivative discontinuity at even integers when defined on densities corresponding to spincompensated ensembles composed of states with different number of particles.
The EXX energy functional is an implicit functional of the density given by
where the density matrix is given by γ(r, r ′ ) = occ k ϕ k (r)ϕ k (r ′ ) after spin-summations have been performed. The corresponding EXX potential v x = δE x /δn can be evaluated as
Since E x [γ] is an explicit functional of the density matrix the derivative δE x /δV s (r) is most conveniently evaluated using the chain-rule
The potential is only determined up to constant by Eq. (39) but this constant may be fixed using Eq. (25) . The discontinuity in the EXX potential 35 is given by Eq. (41)
In the case of two electrons the EXX potential takes a particularly simple form being equal to minus half the Hartree potential v x (r) = −1/2 dr ′ v(r, r ′ )n(r ′ ). The EXX kernel is then also easily evaluated resulting in f x (r ′ , r) = −1/2v(r ′ , r). The expressions for the potential and kernel are evaluated for N → 2 − . In the limit N → 2 + we have to add the discontinuity ∆ x to v x and two functions g x to the kernel
We will now use Eq. (33) to determine g x . Using the chain-rule
this equation can be written in terms of χ s only and we find
To calculate the Fukui function we notice that only the quantity χg x is needed. The arbitrary constant can therefore be left undetermined. We also notice that
In the following section we will solve these two-electron equations for model molecular systems to illustrate the importance of the discontinuity.
A. Numerical results for model systems
Our model systems consist of 1D molecules where the singular Coulomb interaction has been replaced with a soft-Coulomb interaction with softening parameter 1. The inter-particle Coulomb interaction is thus model by 1/ (x 1 − x 2 ) 2 + 1 and the external nuclear potentials by Z/ x 2 1 + 1, where Z is the nuclear charge. This model has been used extensively in the literature 37, 38 to mimic real 3D diatomic molecules with results in qualitative agreement, enough also for our purposes. The equations derived in the previous sections are now all evaluated consistently using the model potentials.
The first system we study is a 1D Be 2+ (Z = 4) atom. In Fig. 3 we show the Fukui function f + calculated using different approximations. The black solid curve corresponds to using the FMO approximation, i.e., f
The dotted curve is obtained by calculating the densities of the N = 2 and N = 3 systems separately and then subtract them. For a functional with a linear behavior between the integers this approach should give the same result as calculating the derivative f + . The derivative is given by the red long dashed curve and we see that although the qualitative features now agree there are still some discrepancies. The fact that ∆n and f + do not agree perfectly is related to the well known fact that the EXX functional is not linear between integers. The green dashed and blue solid thin curves shows the different contributions to the derivative (Eq. (36)). It is remarkable to see the effect of the discontinuity, which is very large compared to using only the f s approximation. The effect is to give a negative contribution at the nucleus and slow down the asymptotic decay. What is perhaps of more interest is the location of the peak which is seen to be shifted compared to the FMO peak, and hence becomes in good agreement with the ∆n result.
Next, we turn to a molecular system composed of 1D He 2+ Be 2+ (Fig. 2) . What is particular about this system is that the HOMO and LUMO orbitals are spatially well separated. The HOMO is located at the Be site and the LUMO at the He site. The density response function contains only products of occupied and unoccupied orbitals, which decay exponentially with nuclear separation. In this case it is thus clear that the correction in f s can only be very small, unless f − x becomes very large, which is not the case since f − x = 1/2v. The blue solid thin curve in the figure confirms this fact. We have, however, seen that the discontinuity is a diverging function and can thus compensate for small excitation functions in the response function. Indeed, we find a large contribution to the Fukui function from the discontinuity. Also in this case we see that the peak position is improved compared to the FMO approximation. From an LDA-type of functional such improvement could not be achieved due to the lack of a diverging discontinuity. This further suggests that in these cases f + would be more accurately calculated by subtracting densities at different integer particle numbers.
To test the consistency of our results we have also obtained the Fukui function from the numerical derivative, i.e., we have calculated
for small values of ∆N using the ensemble of Eq. (2) in the EXX functional. When ∆N → 0 this result should coincide with f + calculated from Eq. (37). In Fig. 3 , we show that they, indeed, agree very well.
V. CONCLUSIONS
In this paper we have derived equations for the Fukui function of DF CRT using a KS reference system. Our central result is that a discontinuity of the XC kernel enters when calculating the Fukui function for a nucleophilic attack (f + ). The importance of this result has been demonstrated in model molecular systems, where the effect of orbital relaxation has been shown to be almost entirely due to the discontinuity. From this we can conclude that in any system where orbital relaxations are important the discontinuity must be incorporated. These conclusions are of course based on model systems but they naturally carry over to real three dimensional atoms and molecules. An implementation of the full EXX functional for a molecule is, however, quite demanding and we therefore leave such investigation for future work.
We would also like to point out that using the HF method to calculate Fukui functions 39 in the FMO approximation as opposed to the KS method might yield very different results for f + . In HF theory the orbitals are determined from a non-local potential, yielding very different virtual orbitals. If the HF LUMO orbital is closer to the true Fukui function is, however, hard to say.
As a final remark we have in this paper only considered the Fukui function. A whole set of other reactivity descriptors exist and, in general, discontinuities will show up in the derivatives when using a KS reference system. In particular, we believe that for the calculation of the local hardness or hardness kernels 40-42 discontinuities will be an essential ingredient.
